Controllable Goos-Hanchen shifts and spin beam splitter for ballistic electrons in a 
parabolic quantum well under a uniform magnetic field 
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The quantum Goos-Hanchen shift for ballistic electrons is investigated in a parabolic potential 
well under a uniform vertical magnetic field. It is found that the Goos-Hanchen shift can be negative 
as well as positive, and becomes zero at transmission resonances. The beam shift depends not only 
on the incident energy and incidence angle, but also on the magnetic field and Landau quantum 
number. Based on these phenomena, we propose an alternative way to realize the spin beam splitter 
in the proposed spintronic device, which can completely separate spin-up and spin-down electron 
beams by negative and positive Goos-Hanchen shifts. 

PACS numbers; 72.25.Dc, 42.25. Gy, 73.21.Fg, 73.23.Ad 
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I. INTRODUCTION 

The longitudinal Goos-Hanchen shift is well known for 
a light beam totally reflected from an interface between 
two dielectric media^. This phenomenon, suggested by 
Sir Isaac Newton, was observed firstly in microwave ex- 
periment by Goos and Hanchen^ and theoretically ex- 
plained by Artmann in term of stationary phase method^.. 
Up till now, the investigations of the Goos-Hanchen shift 
have been extended to different areas of physics^, such 
as quantum mechanics^'^, acoustics®, neutron physicsii^, 
spintronicsS, atom optics and grapheneiir— , based on 
the particle- wave duality in quantum mechanics. 

Historically, the quantum Goos-Hanchen shifts and rel- 
evant transverse Imbert-Fedorov shifts have been once 
studied for relativistic Dirac electrons in 1970 0"'^'^'^^ . 
With the development of the semiconductor technology, 
the Goos-Hanchen shift for ballistic electrons in two- 
dimensional electron gas (2DEG) system becomes one 
of the important subjects on the ballistic electron wave 
opticsi^"— . It was found that the lateral shifts of ballistic 
electrons transmitted through a semiconductor quantum 
barrier or well can be enhanced by transmission reso- 
nances, and become negative as well as positivei^. The 
interesting Goos-Hanchen shift, depending on the spin 
polarization, could also provide an alternative way to re- 
alize the spin filter and spin beam splitter in spintronics^, 
in the same way as other optical-like phenomena includ- 
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ing double refractioi*** and negative refraction*^ m spm- 
tronics optica^S. 

In this paper, we will investigate the Goos-Hanchen 
shifts for ballistic electrons in a parabolic quantum well 
under a uniform magnetic field, in which the high spin 
polarization and electron transmission probability can be 
achieved^. It is shown that the lateral shift can be neg- 
ative as well as positive. As a matter of fact, the Goos- 
Hanchen shift discussed here is different from that in the 
magnetic-electric nanostructure^, where the S magnetic 
field is considered. In such quantum well, the uniform 
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FIG. 1: (a) Schematic diagram for 2DEG with the parabolic 
quantum well under a uniform magnetic field, (b) Negative 
and positive Goos-Hanchen shifts of ballistic electrons are pre- 
sented in this configuration. 



magnetic field bends the trajectory of electron continu- 
ously, so that electrons exhibit cyclotron motion. Then 
this implies that the behavior of electrons in such system 
has no direct analogy with linear propagation of lighlji^. 
Meanwhile, it is also suggested that Landau quantum 
number will have great effect on the Goos-Hanchen shift. 
We consider the Goos-Hanchen shift for ballistic electrons 
in a parabolic quantum well under a uniform magnetic 
field and its dependence on the magnetic field and Lan- 
dau energy level, which to our knowledge, has not been 
investigated so far. More importantly, the Goos-Hanchen 
shift for ballistic electrons depends on the spin polariza- 
tion by Zeeman interaction, which is similar to that for 
neutrons^. The realization of the negative and positive 
Goos-Hanchen shifts corresponding to spin-up and spin- 
down polarized electrons may have future applications in 
the proposed spintronic devices, such as spin filter and 
spin beam splitter. 



II. THEORETICAL MODEL 

We consider a 2DEG structure, with a confining po- 
tential in the central region, as shown in Fig. 1 (a). The 
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confinement potential is assumed to be parabofic in the 
transverse y direction and the electron transports in the 
2DEG occur in the plane of x-y. A uniform magnetic B 
field is applied along the perpendicular z direction and 
limited to within the parabolic confinement region. In 
practice, such a _B-field configuration can be achieved by 
means of a ferromagnetic gate stripe on top of the 2EDG 
heterostructure-^^. The Hamiltonian within the parabolic 
quantum well is then given by 



H = (l/2m)(p - Af + H,onf + 



(1) 



where m is the effective mass of the electron and 
p is the momentum of the electron. The Landau 
gauge is chosen for the magnetic vector potential, i.e., 
A — (By, 0,0), where B is the magnetic field strength. 
The parabolic confinement energy can be expressed as 
Hconf = ■^iTi^oy^, while the Zeeman interaction term is 
given by — ^/isgcr-B, so fiB is the Bohr magneton, g 
is Lande factor and a — ±1 denotes the spin orientation 
parallel or antiparallel to the reference z axis. In this 
system, the wave functions of plane wave for electrons in 
three regions can be expressed as 

'^i{x,y) = (e»'=-=^ + Ae-*'=="=")e*'=''^ a: < (2) 

^iii{x,y) = De'^-^^'-'^^e'^^y, x >d (4) 



where — ^2mE /h? — fc^ is the traveling wave vector 

in 2DEG. The Schrodinger equation in the parabolic po- 
tential region can be written in the form of a harmonic 
oscillator centered at Y with angular frequency Uc, 
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(5) 



with Y — {uJc/oJcYY , u]l — uj^ + ujI, uJc = Be/m, Y — 
hklj./ eB, UJc is the cyclotron frequency. So the solution is 
given by a linear combination of Hcrmite polynomials as 
follows: 
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(6) 

where 7^ = h/ ^ e^B"^ + m?iJ^. The corresponding 
eigenenergy is 



En = {n + -)najc + 

2 2ijji 



1 



'^^Y^ + -^,B9crB. (7) 



The eigenstates of the system form a set of Landau-like 
states with energy splitting proportional to B. Within 
the central potential region, the longitudinal wave vector 
k'^ is given by 



'2mujl[En - (n + \)hujc - \^^Bg'yB] 



(8) 



which is spin-dependent due to Zeeman interaction. In- 
terestingly, when the only plane wave is considered, the 
spatial location of the eigenstates inside the region of po- 
tential well is around Y = hk'^/eB, which can be rewrit- 
ten by 



Y = i^{n,k'J- 



with the velocity 
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The transverse location for each plane wave eigenstate 
is proportional to the velocity and magnetic field. From 
the classical viewpoint, the spatial shift can be reason- 
ably explained by Lorentz force^'*. As a consequence, the 
transverse shifts for the forward and backward propagat- 
ing states inside the central region are positive and nega- 
tive, since Lorentz force is opposite for electrons moving 
in the opposite direction. However, the lateral shift pre- 
dicted by Goos-Hanchen effects will be totally different. 
In what follows, we will discuss the spin-dependent Goos- 
Hanchen shift of electron beam, instead of plane wave, in 
such a configuration. 



III. GOOS-HANCHEN SHIFTS AND SPIN 
BEAM SPLITTER 

A. Stationary phase method 

When the finite-sized incident electron beam is consid- 
ered, the wave function of incident beam can be assumed 
to be 



*m(a:,y) = 



1 
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A{ky~kyo)e'(''^^+''yy^dky, (11) 



with the angular spectrum distribution A{ky — fcj^o) 
around the central wave vector ky^, then the transmitted 
beam can be expressed by 



*tr(a;,2/) 
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DA{ky ~ ky0)(^'^^^^'=-'^'^ + ^yyUky 



.(12) 

where the transmission coefficient D — exp / g is de- 
termined by the boundary conditions at a; = and x — d 
with 

f k"^ + fc'2\ 

gexp (z0) = cos (k'^d) + i ( -fj^^ 1 sin (k'^d), (13) 
which leads to the phase shift (j> in term of 

U2 , l,'2 
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To find the position where '^tr{x,y) is maximum, that 
is, the lateral shift of transmitted beam, we look for the 
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FIG. 2: (Color online) Dependence of Goos-Hanchen shift 
(a) and transmission probability (b) on the incident energy 
E/Eo, where 6o = 70° and the other physical parameters are 
respectively m = O.OlSme, g = 51, d = 50 nm, B — 0.5 T 
and n = 5. Solid (red) and dashed (blue) lines correspond to 
spin-up and spin-down polarized electrons. 



place where the phase of transmitted beam $ = kx{x — 
d) + kyU + (p, has an extremum when differentiated with 
respect to ky, ie, d^/dky = 0^. So according to the 
stationary phase approximation, the Goos-Hanchen shift 
for ballistic electrons at a; = d is defined as^ 



dk 



■yo 



(15) 



It is noted that the subscript denotes the value at ky 



kyo, namely 9 = 
described in Fig 

d tan ^0 

S = TT^ — 



6*0. Thus, the Goos-Hanchen shift, 
1 (b), can be obtained by 



sin (2fc^orf) 
2k'^Qd 



(16) 



where 9o is the incidence angle and tan^o — kyo/k^o. 
Obviously, it is clearly seen from Eq. that the Goos- 
Hanchen shifts are negative as well as positive, depending 
on the k^g/k'^Q and sin(2fc^gd). 

In the propagating case, when the transmission res- 
onances k'^gd — m-K (m = 1,2,3...) or anti-resonances 
^io^ — {rn + l/2)7r (m — 1,2,3...) occur, the Goos- 
Hanchen shift is zero, which means the positions in the y 
direction are the same for both incident and transmitted 
electrons. As a matter of fact, when measured with ref- 
erence to the geometrical prediction from electron optics, 
the "zero" lateral shifts will become essentially negative 
values. Whereas, when the incident energy is less than 
the critical energy, 

E <E^^{n + i)ftwe + ^f^Bg<TB, (17) 

k'^Q becomes imaginary, thereby k^^/kl^ < 0. Substitut- 
ing fc^g = iKQ into Eq. (I16L we end up with the following 
expression: 
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(18) 



sinh^ {Kod). (19) 



In the evanescent case, the Goos-Hanchen shifts are al- 
ways positive, which seems similar to the Goos-Hanchen 
shifts in a single semiconductor barrier—. In the opaque 
limit, Kod 3> 1, the lateral shift saturates to 



2k,q tan( 
k^Q + K 



2tan( 

Ko 



(20) 



which is independent of the width d of potential well. 
In the following discussions, we will study the Goos- 
Hanchen shifts for different polarized electrons and their 
modulation by the magnetic field. 

First of all, an example of the Goos-Hanchen shifts (in 
the units of Ag = 2Trh/ y/2meE) for ballistic electrons as 
function of incident energy E/Eq in the quantum well 
under the uniform vertical magnetic field is displayed in 
Fig- m (ei)i where the quantum well is made from InSb 
semiconductor, the physical parameters are respectively 
m =^ 0.013me, rrie is the bare electron mass, g = 51, 
the length of potential well c? = 50 nm, the parabolic 
well of depth, hujQ = 2 meV, the applied magnetic field 
B = 0.5 T, n = 5, and Eq = hujc = 4.45 meV. It is clearly 
seen from the condition (fT7|) that the critical energies are 
different for spin-up and spin-down polarized electrons, 
which correspond to E'^ = 26.11 meV and E~ — 27.58 
meV, respectively, for the parameters used here. As 
shown in Fig. [2] (a), the behavior of Goos-Hanchen shifts 
coincides with the theoretical analysis mentioned above, 
that is to say, the Goos-Hanchen shifts are always pos- 
itive when the incident energy is less than the critical 
energy Ec, while the lateral shifts become negative as 
well as positive periodically related to the transmission 
resonances. In addition. Fig. [5] (b) also shows the de- 
pendence of transmission probability T = |Dp on the 
incident energy. This quantity can be connected with 
the measurable ballistic conductance G, according to the 
well-known Landauer-Biittiker formula at zero or non- 
zero temperature^ii^. 

More interestingly, the spin-up and spin-down polar- 
ized electron beams can be separated by spatial shifts, 
due to their energy dispersion relation depending on the 
polarization. Based on the properties of Goos-Hanchen 
shifts, the simplest way to realize the energy filter by the 
Goos-Hanchen shifts is as follow. We can choose the inci- 
dent energy within the range of E'^ < E < E~ . This sug- 
gests that the spin-down polarized electrons for E > E~ 
can traverse through the structure in the propagating 
mode with high transmission probability, while the spin- 
up polarized electrons for E < £"+ tunnel through it in 
the evanescent mode with very low transmission proba- 
bility, as described in Fig. [5] (b). So this provides an 
alternative way to design a spin spatial filter with energy 
width AE = IJ'BgB = 1.46 meV for the parameters in 

Fig. m 

Next, we will discuss the influence of magnetic field and 
Landau energy level on the Goos-Hanchen shifts in such 
semiconductor device. Figure [3] illustrates the depen- 
dence of Goos-Hanchen shifts on the strength of magnetic 
field B with different Landau quantum number n, where 
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FIG. 4: (Color online) Spin-dependent Goos-Hanchen shifts 
(a) and corresponding phase shifts (b) as the function of inci- 
dence angle, where E/Eq = 7.8 and the other physical param- 
eters are the same as those in Fig. [J] Solid (red) and dashed 
(blue) lines represent spin-up and spin-down polarized elec- 
trons, respectively. 



FIG. 3: (Color online) Dependence of Goos-Hanchen shift on 
the strength of magnetic field B with different Landau quan- 
tum number n = (a), n = 1 (b), n = 3 (c), n — 5 (d), where 
do = 70°, E = 17.81 meV, and the other physical parame- 
ters are the same as those in Fig. [2] Solid (red) and dashed 
(blue) lines correspond to spin-up and spin-down polarized 
electrons. 



n = (a), n = 1 (b), n = 3 (c), n = 5 (d), 6*0 = 70°, 
E = 17.81 meV, and the other physical parameters are 
the same as those in Fig. [2j Solid (red) and dashed (blue) 
lines correspond to spin-up and spin-down polarized elec- 
trons. Basically, the behavior of Goos-Hanchen shifts is 
different from that of transverse shifts for the plane wave, 
as described in Sec. [TTl According to the definition of 
critical energy Ec, under the low strength of magnetic 
field, the incident energy will be larger than the critical 
energy, thus the electron can propagate though the quan- 
tum well with negative and positive Goos-Hanchen shifts, 
which can be adjusted by the conditions for transmis- 
sion resonances with changing magnetic fields. In other 
word, in the propagating case, the Goos-Hanchen shifts 
can be changed from negative to positive by controlling 
the strength of magnetic field, vice versa. However, the 
Goos-Hanchen shifts finally become positive with increas- 
ing the strength of magnetic field, due to the fact that 
the critical energy becomes larger than the incident en- 
ergy with enough large magnetic field and the prop- 
agation of electrons is actually evanescent in this case. 
To understand the dependence of shifts on the magnetic 
field better, we have to calculate the critical magnetic 
field Be from Eq. ([T7)) by solving the following equation, 
{72+l/2)he^B^/m^ + tiB9(TBc/2 + {n + l/2)hu;^-E = 0, 
for the fixed incident energy E. For example, the critical 
magnetic fields for spin-up and spin-down polarized elec- 
trons can be numerically obtained as follows: B^ = 1.02 
T and B- = 1.48 T for n = 1, B+ = 0.49 T and 
B- = 0.55 T for n = 3, B+ = 0.28 T and = 0.30 T 
for n = 5. So these results can be applicable to explain 
the most striking effect around the critical magnetic field 
Be in Fig. [3] (b)-(d), while the similar behavior is not 
shown in Fig. [3] (a), because the critical magnetic fields, 
B+ = 3.00 T and B' = 5.98 T for n = 0, are too large. 



we just show the range of magnetic field from to 1 T 
due to the physical restriction to applied magnetic field 
in the laboratory. In addition, another observation from 
Fig. [3] is that, with increasing Landau quantum num- 
ber n, the curves of Goos-Hanchen shifts move leftwards. 
That is to say, for the given incident energy. Landau en- 
ergy level leads to the fact that the resonant peak or 
the critical strength of magnetic field Be shifts towards 
the low magnetic field strength region as increasing Lan- 
dau quantum number n. Compared to the previous re- 
sults in the magnetic-electric nanostructure^., the mag- 
netic field and Landau quantum number provide more 
freedom to control the quantum Goos-Hanchen shift for 
ballistic electrons, which is useful to its application in the 
semiconductor devices. 

Now, we will discuss the spin beam splitting by the 
spin-dependent Goos-Hanchen shifts at various incidence 
angles. In general, the Goos-Hanchen shifts can also be 
modulated by the incidence angles, due to the energy 
dispersion In Fig. |4] (a), we would like to em- 

phasize that the spin-up and spin-down polarized elec- 
trons can be spatially separated by the spin-dependent 
Goos-Hanchen shifts at large incidence angles, for exam- 
ple 6*0 = 80°, where incident energy E/Eq = 7.8, and the 
other physical parameters are the same as those in Fig. 
m To confirm this intriguing result, the phase shifts of 
transmitted electrons have also been investigated in Fig. 
131(b). In detail, the negative slope of the phase shift with 
respect to the incidence angle will result in the positive 
Goos-Hanchen shift, whereas the positive one will lead to 
the negative Goos-Hanchen shift, which are in agreement 
with theoretical predictions by stationary phase method. 
Thus, the Goos-Hanchen shifts can be explained by the 
reshaping process of the transmitted beam, since each 
plane wave component undergoes the different phase shift 
due to the multiple refiections inside the quantum welU^. 
The negative and positive beam shifts are usually consid- 
ered as the consequence of constructive and destructive 
interferences between the plane wave components of elec- 
tron beam. 
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FIG. 5: (Color online) Distribution of the transmitted 
Gaussian-shaped beam for spin-up (a) and spin-down (b) po- 
larized electrons, where 9o = 80°, beam width is w = 5Ae, 
and the other physical parameters are the same as those in 
Fig. [21 Dashed lines represent the loci of maximum values 
for the eye. Profiles of the normalized incident and trans- 
mitted beams for spin-up (c) and spin-down (d) polarized 
electrons are also compared at a; = d, where solid (red) and 
dashed (blue) lines represent the transmitted beams, and dot- 
ted (black) line represents the incident beam as reference. 

B. Numerical simulation 

In this section, we further process to make the numer- 
ical simulations of the incident Gaussian-shaped beam, 
"i/inix = 0, y) = exp(-2/2/2w^ -f ikyoy), where Wy = 
w sec 00: w is the width of beam. According to Fourier 
integral, using Eqs. dTTI) and ((T^ . we can obtain the 
wave function of transmitted beam as follows, 




■y, 



(21) 

where A{ky — kyo) — Wy ejip[—{'Wy/2){ky — kyo)'^]. For a 
well-collimated the range of above integral can be ideally 
extended from — oo to oo. Figs. [5] (a) and (b) illus- 
trate the distribution of transmitted beam, \'iftr{x,y)\'^, 
for spin-up and spin-down polarized electrons, where 
^0 = 80°, the beam width is w = 5Ae, and the other 
physical parameters are the same as those in Fig. [5] As 
demonstrated in Fig. [S] (a) and (b), dashed lines rep- 
resent the loci of the maximum values for distribution 
of the transmitted beams for the eye. Evidently, the 
comparison between the normalized incident and trans- 
mitted beams at x = c? in Fig. [S] (c) and (d) show that 
the positive and negative lateral shifts correspond to the 
different spin polarization. To find the numerical value 
of beam shifts, we can find the position y corresponds 
to the maximum value of \'^tr{x,y)\'^. For the given pa- 
rameters in Fig. m 2/^ = 40.80 nm and y~ — —43.21 
nm can be achieved for spin-up and spin-down polarized 
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FIG. 6: (Color online) Influence of beam width on the Goos- 
Hanchen shifts, where the physical parameters are the same as 
those in Fig. |4l Solid (red) and dashed (blue) lines represent 
the shifts for spin-up and spin-down polarized electrons, cal- 
culated by stationary phase method. Lines with markers "□" 
("o") and "o" ("*") correspond to the numerical results for 
spin- up (spin-down) polarization with w = lOAe and w = 5Ae, 
respectively. 



electrons, which are large enough to sperate the different 
spin-polarized electrons beam spatially. 

In Fig. [51 the numerical results further show the influ- 
ence of beam width on Goos-Hanchen shifts and spin 
beam splitter, where the physical parameters are the 
same as those in Fig. [H and the beam width is chosen to 
he w — 5Ae and w — lOAg (corresponding to the beam 
divergence of 59 — 4° and S9 = 2°). It is demonstrated 
that the wider the local waist of incident beam is, the 
closer to the theoretical results predicted by stationary 
phase method the numerical results are. It is worthwhile 
to point out that there is discrepancy between theoreti- 
cal results predicted by stationary phase approximation 
and numerical results, resulting from the distortion of 
the transmitted electron beam^ii^, especially when the 
local beam waist is narrow, which implies large beam di- 
vergent S9 ~ Xe/{7Tw). Actually, the stationary phase 
approximation is valid only for well-collimated electron 
beam^iii^. In detail, when the incidence angle is small 
enough, the Goos-Hanchen shifts predicted by stationary 
phase method are in agreement with the results given by 
numerical simulations. But when a large incidence an- 
gle is chosen, 59 ^ 90° — 6*0 is not satisfied, so that 
the transmitted beam shape will undergo severe distor- 
tion. It is suggested that one cannot achieve an arbitrary 
large Goos-Hanchen shift in practice by increasing the in- 
cidence angle, taking into account the influence of finite 
beam width. In a word, the theoretical results of sta- 
tionary phase method and numerical simulations show 
that the simultaneously large and opposite beam shifts 
for spin-up and spin-down polarized electrons allow this 
system to realize the spin beam splitter, which can com- 
pletely separate spin-up and spin-down polarized elec- 
trons in such semiconductor quantum device. 
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IV. DISCUSSION AND CONCLUSION 

We have investigated the Goos-Hanchen shift for bal- 
hstic electrons through a parabohc quantum well under 
a uniform magnetic field. Due to the effect of magnetic 
field, the Goos-Hanchen shift for ballistic electrons also 
becomes spin-dependent, which leads to the novel appli- 
cations in designing the spin filter and spin beam split- 
ter. It is found that the Goos-Hanchen shift can be mod- 
ulated by the incident energy, magnetic field. Landau 
quantum number, and incidence angle. In addition, we 
would like to mention that the Goos-Hanchen shift is also 
sensitive to the device geometry, since the lateral shift 
depends periodically on the width d of parabolic quan- 
tum well region. The spin-dependent Goos-Hanchen shift 
and spin beam splitter presented here can be discussed 
in GaAs/AlGaAs-based quantum well structure^^, rather 
than InSb semiconductor with high (^-factor. 

Last but not least, the Goos-Hanchen shift and rele- 
vant transverse Imbert-Fedorov effect in such quantum 



well under the magnetic field may have close relation to 
spin Hall effec t^'^'^'^i^^ , which deserves further investiga- 
tions. We hope all the results presented here will stim- 
ulate further theoretical and experimental researches on 
quantum Goos-Hanchen shifts for ballistic electrons in 
semiconductor— and graphenei^iSS and their applica- 
tions in various quantum electronic devices. 
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